Empirical comparison of the shape of welfare functions. by Herwaarden, F.G. van & Kapteyn, A.J.
European Economic Review 15 (1981) 261-286. North-Holland  Publishing Company 
EMPIRICAL  COMPARISON  OF  THE  SItAPE  OF 
WELFARE  FUNCTIONS* 
Floor  G.  van  HERWAARDEN 
Centre  for Research in Public Economics, Leiden, The NetherlaMs 
Arie  KAPTEYN 
Unirersity of Southern California, Los Angeles, CA 90007, USA 
Final version received June 1980 
This study brings together data from 8 samples to compare empirically 12 alternative functional 
forms of welfare functions to the lognormal welfare function proposed by Van Praag (1968). The 
comparison comprises 11  different wordings in surveys of,  in total, about  14,000 respondents. 
The  lognormal function outperforms  11  of the  alternative  functions in terms of the  residual 
variance criterion, while the logarithm performs slightly better than the Iognormal. On the basis 
of theoretical and practical considerations it is suggested that the lognormal function may be 
maintained, although further research into the measurement procedure is needed. 
1.  Introduction 
In 1968  Van Praag formulated a  theory which  assumes that  an  individual 
is  able  to  evaluate  income  levels  on  a  [0,1]-scale  [Van  Praag  (1968)]. 
Making  some  further  assumptions  he  derives  that  the  resulting evaluation 
U(z)  of  an  income  z  follows  approximately  a  lognormal  distribution 
function: U (z) = A(z; II, a). 
This  lognormal  welfare  function  (WF)  has  been  called  the  individual 
welfare fimction  of  income  (WFI).  Fig.  1  gives  some  examples.  To  avoid 
confusion: the lognormal distribution function has  no statistical connotation 
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Fig.  1. Individual welfare functions o !" income> A(z), with  different values ofp  and a. 
in the present context. It is merely a  mathematical description of how people, 
supposedly, evaluate income levels on a cardinal, bounded scale. 
In the years following the publication of Van Praag's monograph empirical 
research  on  the  WFI-concept  has  been  carried  out.  This  research 
corroborates  the  theory.  Hitherto  about  14,000-WFIs  have  been  measured 
and  various  relationships  have  been  studied  between  the  individual 
parameters/1 and a  on the one hand  and  socioeconomic characteristics (like F.G. van llerwaarden  aml A. Kapteyn,  The shape of welfare fimctions  263 
income and  family size) on  the  other hand)  Gradually, the  models  used  to 
explain differences in ll and a  between individnals have grown more complex, 
which  has  broadened  the  scope for  application  of the  measured  WFs.  For 
instance,  tests  of  the  economic  theory  of  consumer  behaviour  [Kapteyn, 
Wansbeek  and  Buyze (1979)], exercises in  optimal  income distribution  [Van 
Praag  (1977,  1978),  Kapteyn  and  Van  Herwaarden  (1980)],  a  theory  of 
preference  formation  [Kapteyn  (1977),  Kapteyn,  Wansbeek  and  Buyze 
(1980)]  and  the analysis of the financial needs of Dutch  municipalities  [Van 
Praag and Linthorst (1976)] have been based on the lognormal WF. 
The more  extensively one  uses  a  certain  measuring  instrument,  the  more 
the  instrument  itself should  be subject  to  scrutiny.  Hence, the  necessity was 
felt  to  compare  other  possible  functional  forms  of  the  WF  with  the 
lognormal  specification on  the  basis  of tile data  now  available. The present 
study  gives  such  a  comparison.  Several  of  the  functional  forms  we  shall 
investigate  have  been  proposed  in  the  literature,  some  as  early  as  1738 
[-Bernoulli (1738)]. 
As this paper is exclusively devoted to a  statistical comparison of different 
functional  forms  we  do  not  give  an  economic  interpretation  of the  welfare 
functions, nor do we  summarize  any of the  results  obtained  in  the  research 
so  far.  For  these  aspects  we  refer to  the  aforementioned papers.  Even for a 
purely, statistical  analysis,  however,  one  needs  a  theoretical  framework 
serving  as  a  maintained  hypothesis.  In  particular,  we  shall  assume 
throughout  that  welfare  functions  are  bounded,  which  allows  for  tile 
normalization of their range to the [0, 1J-interval. 
This  '-finite-biiss,  finite  agouy'  assumption  is  not  testable  itself  by  the 
measurement methods we use to estimate welfare functions (the measurement 
method is described below). Intuitively, however, it is  hard to imagine what, 
for example,  infinite  bliss  could  be,  or  for that  matter  how  a  human:, being 
could express feelings of infinite bliss. Words like 'superb' or 'exceUent' rather 
seem  to  express  that  the  individual  cannot  imagine  to  be  more  delighted 
about a certain aspect of life and this, according to basic mathematics, entails 
the boundedness of the experience (even although the individual may express 
his  feelings  by  claiming  to  be  infinitely  happy):  If somebody  is  infinitely 
happy, it is logically also possible to be twice as happy and this is not  what 
'superb' or 'fantastic' seemto express. 
To  be  specific:  If an  individual  terms  an  income  of S1,000,000.'excellent' 
that seems to mean that his evaluation of this income is close to a  maximum. 
Of course, the individual can easily think  of all income that  is twice as  high 
(viz. $2,000,000) but  not  of all income that  would  be two times as excellent. 
Incidentally, if the  individual  enjoys the  S1,000,000 income  for a  long  time, 
habit  formation  may  lower  his  evaluation  so  that  after  a  while  it  does 
ISee e.g. Van Praag (1971), Van Praag and Kapteyn (1973), Van tterwaardcn, Kapteyn and 
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become possible  to think of an income that, temporarily, would make him 
twice  as  happy.  This  is  the  preference  drift  phenomenon,  coined  by  Van 
Praag  (1971). This phenomenon  has  to  do  with  Changing  preferences  and 
does not affect our basic argument. 
A  different  argument  for  the  boundedness  of welfare  functions  can  be 
based upon Menger's super-St. Petersburg paradox [cf. Samuelson (1977) for 
a discussion]. 
Along with the boundedness of welfare  functions their cardinality is taken 
for granted. Again, we refer to the publications mentioned for a discussion of 
the issue. Notice, though, that the mere fact that we are able to discriminate 
statistically between different  functional forms (as  will be seen in  the sequel) 
is a  strong argument in favour of the cardinal nature of the welfare function 
concept analysed in this paper. 
In  the sequel we take the iognormal specification, A, as a  reference  point 
to which the other functional forms will be compared. So, in fact, we test the 
null-hypothesis  that  A  provides  the  correct  specification  of the  WF.  The 
criteria to decide whether or not A is better than other functional shapes will 
be  set  out  in  section  3.  Before  that,  we  give  a  brief  expos6  of  the 
measurement procedure for the lognormal WF. 
Section  4  describes  the  data.  Section  5  gives  the  empirical  results.  The 
resuIts are discussed in section 6, and section 7 concludes. 
2.  The measurement procedure 
In this section we describe  the methods of measurement for three types of 
WFs,  the  aforementioned  welfare  function  of  income  (WFI),  the  partial 
welfare function  (PWF) and the municipal welfare ftmction  (MWF). 
2.1.  Measurement of welfare functions of income 
An individual's WFI is measured by asking him thc following question (we 
filled in income levels as answered by one arbitrarily chosen individual, from 
a survey of members of the Dutch Consumer Union in 197!): 
Taking  hzto  account  your  own  situation  with  respect  to family  and job  you 
would call your  net-income  (including fringe  benefits  and  after subtraction  of 
social security premiums):* 
Per week A 
month B 
year C 
Excellent  if it were above  Dfl. 45,000, 
Good  if it were between  Dfl. 35,000  nd  Dfl. 45,000, 
Amply sufficient  if it were between  Dfl. 30,000  and  Dfl. 35,000,- F.G. van llerwaarden  and A. Kapteyn,  The shape of welfare functions  265 
Sufficient  if it were between  Dfl. 25,000  and  Dfl. 30,000, 
Barely sufficient  if it were between  Dfl. 22,000  and  Dfl. 25,000, 
Insufficient  if it were between  Dfl. 20,000  and  Dfl. 22,000, 
Very insufficient  if it were between  Dfl. 17,000  and  Dfl. 20,000r 
Bad  if it were between  Dfl. 12,000  and  Dfl. I7,000, 
Very bad  if it were below  Dfl. 12,000. 
period.  *Encircle your reference 
We  call  this  question  the  income  evaluation  question.  To  measure  an 
individual's  WFI  from  his  answer  to  tile  income  evaluation  question  the 
verbal  qualifications  'excellent',  'good',  'amply  sufficient',  etc.  have  to  be 
transformed into numbers in  the  [0, l-l-interval.  This is accomplished by the 
following reasoning, due to Van Praag (1971): 
The amounts inserted in the income evaluation question furnish a  division 
of  the  income  range  [0, oo)  into  income  brackets  [Zo, Zl],  (Zl,Z2-1  ..... 
(z,,z,+l),  where  Zo=0  and  z,+~=oo.  To  fix  ideas:  For  the  income 
evaluation question quoted, n=8  whilst  the answer  can  be  summarized  by: 
zo=0,  .z~ = 12,000,- z  2 = 17,000,. z 3 =20,000,  - z.,=22,000,,  z5=25,000,-  ze 
=30,000,  z7=35,000,: Z8=45,000, z9=oo.  The  division  of the  income range 
differs between individuals, but certainly the division is not being made in a 
random  way.  There  seems  to  be  a  general  principle  behind  the  fact  that 
extreme brackets tend to be wider than the brackets in the middle. 
It is  not unreasonable to  assume that  the individual tries to  inform us as 
exactly  as  possible about his welfare function, i.e., he  attempts to  maximize 
the  bformation  value  of  his  answer.  How  can  we  define  the  information 
value? 
Consider a  particular income bracket  (zj, zj+ t]. The welfare evaluation of 
an income in this bracket is on the average 
U(zj) --z1 [U (z  j) ~1_ U(zj+ 1  )],  (1) 
by  which  equation  5j  is  defined.  For  example,  U(55)  corresponds  with 
'sufficient', U(56) with 'amply sufficient'. 
However we cannot say that all income levels in (zs, z~+ ~] are evaluated by 
U(5i). The average  inaccuracy  of evaluating the income levels  in (z~, zj+ 1]  by 
U(~j) may be measured by a  quadratic loss function, 
[U(z)- U (5i)] 2 dU(z),  ZI<z<=zj+I.  (2) 
When  we 
inaccuracy 
have  a  partition  [0,z~],  (Zl,Z2]  .....  (z,,oo)  the  total  average 
of this partition is defined by 
S[U(z)--U(f.~)]2dU(z),  zi<z<zj+l.  (3) 
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The  separate  integrals  increase  with  the  variation  of  the  U-function  on 
(z;, z.i + 1] and with the interval  length  (zj+~-zj).  Hence, the individual  selects 
narrow  brackets  where  the  U-function  is  steep,  and  wide  brackets  where  U 
increases  slowly.  Mathematically,  the  individual  attempts  to  choose  the  z;- 
values  in  such  a  way  that  (3)  is  minimized.  Applying  the  transformation  x 
= U(z) we replace minimization  of (3) by the problem 
min  ~  x~§  (4) 
XI...Xnj=O  Xj 
where x;= U(zl), x~=￿89  (x;+x;+ l), Xo =0, and x,+ a =  1. 
Integration  of (4) yields 
min  ~  ~  (x;+ l-x;) 3,  (5) 
xl...x n  j=O 
setting pj=xj+t-x J we have ~7=op.l= 1. So the problem reduces to 
min  ~p~  subjectto  ~p;=l.  (6) 
Po...Pnj=O  j=O 
The solution is p; =  l/(n + 1), which implies x; =ff(n +  1) and 
U(zj)=j](n+l).  (7) 
In  words,  the  result  can  be  stated  as:  The  individual  partitions  the  income 
range  according  to  equal  quantiles  of the  welfare fimction.  In  the  wording 
quoted the income evaluation  question leaves room for nine brackets, so z; is 
thejth  11.1 ~-quantile  of the distribution  defined  by the distribution  function 
U,j=I ..... 8. 
The  definition  of  the  average  inaccuracy  by  (2)  contains  an  element  of 
arbitrariness.  It  can  be  shown  that  if one  replaces  [U(z)-U(~j)] 2 by  any 
other differentiable function  monotonically  increasing  in the absolute value of 
[U(z)-U(~I)],  one  gets  the  same  solution  (7).  Moreover  the  notion  of an 
average used in  (1) can  be generalized  while retaining  the result  [cf. Kapteyn 
(1977, app.  3A)]. 
By the  method  described  we  have  found  for  the  individual  a  sequence  of 
-  "  which have to be on the graph  of his WFI.  points {(z  l, U(.;)};= 1 
If  the  points  {(zj, U(zi)}~= ~  were  points  of  the  graph  of  a  distribution 
function A(z;it ,a), there would hold 
U(zj) =N(ln(z;);F, a) =N ((ln(zj)-it)/a;  O, 1),  (8) 
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We know  that  the  logarithms  of the  zj's  quoted  are  11.1  ~-quantiles,  say 
w~ .... ,w, of the normal distribution, hence there has to hold 
or 
(ln (zl) -  it )/tr = w  j,  (9) 
In (zj) = It + awj.  (10) 
It stands  to  reason that  an  individual's  answers  will  not  strictly satisfy (10), 
but we may assume that (10) holds approximately; we estimate it and a  from 
the linear model 
ln(zj)=ll+awj+ej,  j=l .... ,n,  (11) 
where  ~j  is  an  i.i.d,  random  disturbance  term,  with  expectation  zero  and 
2  variance tr,. 
Applying ordinary least squares to the n  observations (In(zj), wj) we obtain 
estimates  for  It  and  tr.  (For  the  answer  quo!ed  above  the  estimates  are:  it 
=10.08,a=0.52.)  If  the  individual  has  not  inserted  all  answers  but  has 
omitted say, the first and the third, we have still  (n-2)  observations (zz, w2), 
(z.,,w4)  "  .... , (z~,w,) to which we may apply the regression. Only the one- and 
two-point answers are excluded. 
2.2.  Measurement of partial welfare fimctions 
An  individual's  partial  welfare fimction  (PWF)  with  respect  to  a  certain 
commodity  group  describes  how  he  evaluates  expenditures  on  that 
commodity  group.  If the  commodity  group  is  'broad'  enough,  i.e.,  a  large 
number of characteristics can be distinguished  in it, then Van  Praag's  theory 
predicts  that  the  evaluation  will  approximately  follow  a  lognormal 
distribution  function  [Van  Praag  (1968)].  A  commodity  group  may  just 
comprise a  single good. 
An  individual's  PWFs  are  measured  by  asking  him  questions  like  the 
following  one  (we  filled  in  the  answer  of one  arbitrarily  chosen  individual 
from the  aforementioned survey of members  of the  Dutch Consumer  Union 
in  1971): 
Many people think there is always a connection  between price and quality.  For 
example  one person expects  an armchair to suit him t,  ery badly if he pays only 
Dfl.  lO0 for  it,  badly  if he pays Dfl.  150 for  it,  moderately  if he pays  Dfl.  200 
for  it,  reasonably  if he pays Dfl.  400 for  it,  well  if he pays Dfl.  650 for  it  and 
perfectly  if he is to pay Dfl. 800 or more for it. 
Another  person  may have  quite  a  different  opinion  and ha~'e other  prices  in 
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To  learn  about  your  opinion,  we  should  like  you  to  mention  the  amounts  of 
money you have  in mind when you  think of the articles you plan to  buy in  the 
near fitture. Please mention an amotmt of money in each row. 
What durables you may buy in the near fitture? DRILL 
I  strongly suppose the purchase 
will not suit me at all  if I  would pay about Dfl.  50, 
will not suit me  if l  would pay about Dfl.  80, 
will suit me moderately  if l  wozdd pay about Dfl. 140, 
will suit me reasonably  if l  would pay about Dfl. 160, 
will suit me well  if l  would pay about Dfl. 180, 
will suit me perfectly  if l  would pay about Dfl. 240. 
We call this question the partial evaluation question. 
PWFs  are  measured  analogously to  WFIs.  Rather  than  asking  the 
individual to divide the range I-0, oo) in a  number of intervals I-Zo,  zl], (zl, zz] 
etc., we now ask for the midths of these intervals  :~o, zT~  etc. This affects the 
conclusions  of  the  information  maximization  argument  only  in  that 
z  o, z I ..... zj  ....  ,z,, (m=6) do not correspond  to the j/(m+ 1) quantiles but  to 
the (j-￿89  quantiles. 
Given this modification we arrive again at a  regression model which reads 
for the ith commodity group 
ln(~j)=ll~+tr~l+e;,  j=l ....  ,m,  (12) 
where the ~,; are appropriately defined quantiles of the normal distribution. 
2.3.  Measurement  of municipal welfare fimctions 
"A  municipal  welfare fimction  (MWF) describes  the evaluation on  a  [0, l']- 
scale  by local  authorities, like  alderman  or  mayor, of municipal outlays on 
certain  expenditure  categories.  Van  Praag's  theory  suggests  that  also  these 
evaluations may be expected  to  follow a  lognormal distribution function. A 
MWF is measured by asking the authority concerned a  municipal evaluation 
question. 
As  an  illustration  we  present  an  example  given  by  Van  Praag  and 
Linthorst (1976,  p.  56) of a municipal evaluation question with respect to the 
portfolio 'Public Works', answered  by an alderman  of a  Dutch  municipality 
with approximately 28,000  inhabitants. 
Taking  into  account  the specific  circumstances  and  needs of your municipality 
(number  of inhabitants,  location,  etc)  you  would  call  the  let'el  of we~we  as 
regards public works: F.G. ran Herwaarden  and A. Kapteyn, The shape of welfare functions  269 
Expenditure 
level ( x Dfl. 1000) 
Excellent  if  the expenditure level were above  Dfl. 5,800, 
Good  if the expenditure levelwere between  Dfl. 5,500  and  Dfl. 5,800, 
Amplysuf- 
ficient  if  the expenditure levelwere between  Dfl. 5,200  and  Dfl. 5,500, 
SuJflcient  if the expenditurelevelwere between  Dfl. 5,000  and  Dfl. 5,200, 
Ba rely stf- 
ficient  if  the expenditure level were between  Dfl. 4,000  and  Dfl. 5,000, 
Insufficient  if  the expenditure level were between  Dfl. 3,800  and  Dfl. 4,000, 
Very insuf- 
ficient  if  the expenditure levelwere between  Dfi. 3,600  and  Dfi. 3,800, 
Bad  if  the expenditurelevelwere between  Dfl. 3,500  and  Dfl. 3,600, 
Very bad  if  the expenditure level were below  Dfl. 3,500. 
The  measurement of a  MWF  on  the  basis  of an  answer  to  the  municipal 
evaluation question is analogous to the measurement of WFIs. 
2.4.  Differences  in wordings of the income evaluation questions 
MWFs and PWFs have been measured in only one survey.  On  the other 
hand WFIs have been measured in a number of surveys. Between the surveys 
the  wording of the  income evaluation question  has  varied,  mainly because 
attempts have been made to simplify  the respondents' task of answering the 
income evaluation questions. The main differences  are: 
(1)  The  number  of income  levels  to  be  provided  by  the  respondents  was 
either equal to 8, 6 or 5. 
(2)  The  income  evaluation  question  was  worded  from  'excellent'  to  'very 
bad' or vice versa. 
(3)  Instead of asking for intervals (i.e., two income levels per qualification, cf. 
the income evaluation question cited  in subsection 2.1), in some surveys 
one income level  is  asked,  analogous to  the  procedure with  the  partial 
evaluation question. 
(4)  In a few surveys some qualifications were underlined, for example 'good' 
and  'bad'.  The  respondent  was  asked  to  start  with  providing  income 
levels corresponding to the underlined qualifications. 
When describing the data we shall indicate the wording of the evaluation 
question  used  in  each  survey. Since  we  primarily want to  compare A  to  a 
number  of  alternative  functional  forms  we  shall  ignore  the  distinction 
between WFI, PWF and MWF. As the particular wording of the evaluation 270  F.G. van Herwaarden and A. Kapteyn, The shape of welfare  fimctions 
question presumably affects the answers of the respondents, we shall compare 
A to its competitors for each different wording. 
3.  Selection of alternative functions and the criterion to compare them ~ith A 
In  this  section  we set  out  criieria  for selecting alternative functions to  be 
compared  to  A.  This  results  in  a  set  of  12  alternative  functions.  Next  we 
develop a  criterion for comparison. 
3.1.  Selection of alternative fimctions 
We restrict the set of alternative functions by requiring that these functions 
(a)  have 2 parameters, 
(b)  are monotonically non-decreasing, 
(c)  are either (i) probability distribution functions on [0, oo) or (ii) have been 
used or advocated as WFs in economic research. 
Moreover, 
(d)  estimation  of  the  parameters  on  the  basis  of  the  procedure  sketched 
below should not be excessively costly in terms of computer time. 
Table  1 gives a  list of the selected functional forms that will  be compared 
to A  (given in the first row). The meaning of the columns (6) and (7)  will be 
explained in the next subsection. The straight line has been added because it 
would be conceivable that respondents enter income levels linearly, indicating 
that  the  evaluation  questions  are  too  difficult  to  answer.  The  flmction 
proposed  by Keller and  Hartog (1977)  [row  (9)  in  table  1]  is derived  from 
the requirement that the elasticity of the relative marginal utility of income is 
constant: 0 In (m(z))/O In (z) = constant, where m (z) = {Oln (U(z))/O In (z)}.  One 
function is conspicuously lacking, i.e.,  the incomplete F  function. It has been 
discarded  because  this  function  does  not  meet  requirement  (d),  i.e.,  the 
estimation  of its  parameters  (see  the  last  paragraph  of the  next subsection) 
appeared to be prohibitively costly. 
3.2.  Criteri.on for comparison 
Our  comparison  of the  various functions with A  will  be based  on  Theil's 
residual variance criterion [Theil (1961,  1971)]. 
When  comparing  A  to  other  functional  forms  for  the  WF  we  basically 
compare  models  like  (11)  and  (12)  with  alternative  models  explaining  the 
z  "  Hence we specify the alternative models as  response sequence { j}~=l. 
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A  few  observations  are  in  order.  First,  all  evaluation  questions  provide 
respondents  with  verbal  qualifications  which  represent,  by  assumption, 
welfare levels. Hence, whatever the functional form, the response zj has to be 
seen  as  an  endogenous  variable  whilst  the  welfare  level  U(zfl  is  the 
independent  variable.  The  parameters  a  and  b  are  unknown.  Second,  the 
additive  stochastic  specification  is  tantamount  to  multiplicative  response 
errors. The assumption can be motivated by reference to the Weber-Fechner 
Law. 
Third,  the  transformation  of verbal  qualifications  into  numerical  values 
U(zfl  has  been  motivated  in  section  2  by  an  information-maximization 
argument. This argument  rests  upon  the boundedness of the range of U(zfl. 
This creates a  problem with  the functions 3, 4,  7,  8,  10 and  13 in  table  1 as 
these  are  not  bounded  from above and  below.  We therefore interpret  these 
functions  as  approximations  to  some  unknown  function  with  range  [0, 1]. 2 
This  interpretation  also  entails  that  U(zj)  in  (13)  is  the  same  for  any 
functional formf The values of U(zi) follow from the argument in section 2. 
Our criterion for comparison is,  as said, Theil's residual variance criterion. 
Theil has  shown  that  if a  set of rival linear models contains  the true model, 
i.e.,  the disturbances are i.i.d, distributed,  then the true model will exhibit the 
lowest  disturbance  variance.  Since in  linear  models  the  residual  variance  is 
the unbiased  OLS-estimator of the disturbance  variance, the true model will, 
on average, exhibit the lowest residual  variance. As  we estimate models  like 
(i1),  (12)  and  (13)  are  estimated  many  times  (about  25,000),-we  can  also 
easily  determine  confidence  intervals  for  the  disturbance  variances  of  the 
competing  models  and  thus,  with  considerable  certainty,  choose  the  true 
model. 
Unfortunately not all functions give rise to a  linear specification for model 
(13)  [cf.  columns  (6)  and  (7)  in  table  i].  It  can  be  shown,  however,  Icf. 
Kapteyn  (1977)]  that  if the  true  model  is  linear  then  this  model  will  also 
have lower disturbance variance than other non-linear models. 
There is one practical problem left. For the  non-linear model  the residual 
variance  is  a  consistent  but  biased  estimator  of the  disturbance  variance. 
Hence,  we  make  the  additional  assumption  that  the  bias  of  the  residual 
variance  is  sufficiently  small,  i.e.,  that  the  relative  ranking  of  models  by 
residual variance coincides with the relative ranking by disturbance variance. 
In  fact, because A  will turn  out  to have lower residual  variance than  any of 
its  non-linear competitors it  suffices to  assume  that  the  residual  variance  is 
not biased upward. 
To  apply  the  residual  variance  criterion,  and  because  of the  motivation 
given in  the first  paragraph  of this  subsection,  all  models  have to  be in  the 
2The idea that  a  functional specification is  a  local approximation to  an  unknown utility 
function is, of course, quite common, especially since the work by Christensen, Jorgenson and 
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form  (13). This  requirement  has  led  us  to  discarding  the  incomplete  F- 
function. It  appears  impossible  to  write  the  F-function  ill  the  explicit form 
(13).  Still one can conceive of the z~ as solutions to the implicit equations to 
which an error term is added. That is, we may assume the zj to be generated 
by In (zj)= In (z*)+ ej, where zj  ~ is defined by Uj = F(z*;a, b). In principle it is 
then  still  possible  to  estimate  the  parameters  by  non-linear  least  squares. 
However, the amount of computer time required for estimation turned out to 
be excessive. It took about one minute of CPU-time on an IBM  3701158 to 
estimate  a  and  b  for  one  welfare function. There  are  about  25,000 welfare 
functions to be measured. 
4.  Data 
In  the  empirical  analysis  evaluation  questions  are  employed  from  8 
different samples  yielding in total some 25,000 answers  to either the income 
evaluation  question,  or  the  partial  evaluation  question  or  the  municipal 
evaluation  question.  The  samples  will  be  denoted  by  the  country  and  the 
year in which the survey was conducted. Information on the samples is given 
in  table  2.  A  description  and  further references  with  respect  to  the  Belgian 
(1969,  1970,  1973)  and the Dutch  (1971,  1974a,  1975)  samples can  be found 
in  Van "Herwaarden,  Kapteyn  and  Van  Praag  (1977).  These  samples  all 
contain  answers  to  income evaluation questions.  The  Dutch  (1971)  sample 
also  contains  answers  t6  partial  evaluation  questions.  The  ensuing  PWFs 
were  measured  by  Kapteyn,  Van  Herwaarden  and  Van  Praag  (1977).  The 
Dutch  (1974b)  sample  contains  answers  to  municipal  evaluation  questions. 
The MWFs were measured by Van  Praag  and  Linthorst (1976).  The Dutch 
(1977)  sample contains answers to income evaluation questions and is based 
on  a  pilot  survey  of  Dutch  citizens  aimed  at  comparison  of  different 
wordings of the income evaluation questions. 
A  classification  of  the  data  according  to  differences  in  wording  of  the 
evaluation questions is given in table 3. In the sequel we shall distinguish the 
various wordings by referring to the corresponding column number in table 
3. 
5.  Results 
In  table 4a  the  average residual  variances (s  2)  and  their sample standard 
deviations  (in  parentheses)  are  presented  for all  functional forms that  make 
(13)  linear  in  parameters.  The  different  wordings  in  tables  3  and  4a  have 
been numbered in such order that the s2-values for A are descending_ 
In  tables  4b  up  to  4f  inclusive,  we  successively  compare  sZ-values 
corresponding  to  A  with  sZ-values  corresponding  to  one  of  the  non- 
linearizable  functions.  One  observes  that  the  number  of observations  vary 274  F.G. ran llerwaarden anti A. Kapteyu,  The shape of welfare fitnctions 
Table  2 
Dates, sizes, and origins of the samples. 
Date of  Way of 
Name of sample  drawing  Size"  I)rawn from  interviewing 
Belgian (1969)  Dec. 1969  2545  Membership of Belgian  Written 
Consumer Union 
Belgian (1970)  Dec. 1970  .  2293  Membership of Belgian  Written 
Consumer Union 
Belgian (1973)  Dec. 1973  2201  Membership of Belgian  Written 
Consumer Union 
Dutch (1971)  Oct. 1971  2952  Membership of Dutch  Written 
Consumer Union 
Dutch (1974a)  March 1974  878  Both members and non-  Oral  c 
members of Dutch 
Consumer Union  b 
Dutch (1974b)  April 1974  551  Population 0[842  Written 
Dutch Municipalities 
Dutch (1975)  Jan.  1975  1748  Dutch population  Oral  d 
Dutch (1977)  May 1977  574  Dutch population  Oral  d 
"Number  of respondents  who  have inserted  at  least  three  levels  in  the evaluation question. 
The  sizes  of  the  Belgian  samples  are  somewhat  larger  than  reported  in  Van  Herwaarden, 
Kapteyn and Van Praag (1977) (HKP) because there only observations of individuals have been 
used  of. whom  the  family  income  and  family composition  is  known.  The  size  of the  Dutch 
(1974a)  sample  is  somewhat  smaller  (41  observations  less),  because  we  used  a  non-screened 
version of the  data-set  also  used  by  tlKP.  We  had  the  choice of either correcting punching 
errors  (as  had  been done by ItKP) or removing the corresponding observations.  For technical 
reasons we decided to remove them. 
bAbout  585 respondents  are members of the Dutch Consumer Union and  about 293 are not. 
The latter have been chosen in such a way that they exhibit socioeconomic traits similar to the 
members of the Dutch Consumer Union. 
"The income evaluation question  in  this  survey  has been  asked  by letting respondents  fill in 
their answers  to this question on a card. Afterwards the respondent could insert  the card into an 
envelope, seal the envelope and hand it to the interviewer. 
aAfter  an  oral  introduction,  the  questionnaire with  the  income evaluation question  was  left 
behind with the respondent. The respondent  was  requested  to fill out the questionnaire and  to 
send it back. 
between  these  tables. This is caused  by the  non-linear  nature  of (13)  for these 
functions.  For  each  respondent  the  parameters  in  (13)  are  estimated  by 
Marquardt's  algorithm  [Marquardt  (1963)].  This  algorithm  does  not  always 
converge.  In  view  of our  sample  size  it  is  practically  impossible  to  try  new 
starting-values a  until  convergence  is  reached.  Hence  we  left  out  all 
respondents  for  whom  conve__rgence  did  not  obtain.  In  order  to  maintain 
comparability,  the  resulting  s2-values  of  the  non-linear  functions  are  given 
with  the  s2-values  corresponding  to  A  of  the  same  respondents.  Since 
convergence  problems  are  most  likely  to  obtain  for  respondents  with  high 
aStarting values were in principle obtained by first fitting A, and using the estimated F and tr 
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Fig.  2.  Thirteen  functions  on  the  basis  of  parameters  estimated  from  the  answer  quoted  in 
subsection 2.1 and the corresponding scatter. (a) Normal, (b) Logarithm. 
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Fig. 2 (continued).  (e) Logistic, (f) Log-hyperbola. 
1.0 
0.5 
EER  --B 
U(z)  1.0 
￿9  g  0.5 
l 
70  0 
U(z) 
"  h 
10 
Fig. 2 (continued).  (g) Hyperbola, (h) Keller-llartog. i.o 











Dfl.  x  I000 
I 
70 







0..  c 
70  0 
u(z) 
1 
Dfl.  ￿9  I000 
I 
70 







Fig. 2 (continued). (m) Lognormal. 
disturbance variance we believe that, if anything, our procedure will bias the 
results in favour of the non-linear functions. 
In  figs.  2a  up  to  2m  inclusive  the  answer  to  the  income  evaluation 
question  quoted  in  section  2  is  plotted  together  with  the  successively fitted 
functions. 
6.  Discussion 
In  this section we discuss  the empirical results,  look at  some assumptions 
underlying  the  measurement  method,  and  view  the  consequences  of  the 
empirical results for the lognormality hypothesis. 
Let us first try to develop some intuition by looking at fig. 2. In the region 
where the data points are (roughly, between welfare levels 0.1-and 0.9) some 
functions  appear  to  have  a  shape  quite  similar  to  A,  in  particular  the  log- 
logistic  and  to  a  lesser  extent  the  logarithm  and  the  Weibull.  (This  can  be 
seen more clearly if one makes drawings of A  and  the other functions in the 
same figure. For reasons of space, these drawings  are omitted.) Even though 
the  data points  exhibit  an  S-shaped  pattern,  this  does  not  necessarily mean 
that  an  S-shaped  curve fits  the  data  best.  Fig.  2  suggests,  for instance,  that 
the  logarithm  fits  as  well  as  A.  In  the  example  depicted,  the  reason  is  that 
the inflection point corresponds to a  rather high evaluation level (about 0.6), 282  F.G. ran tlerwaarden  and A. Kapteyn, The shape of welfare functions 
whereas  most  of  the  S-shaped  functions  only  allow  for  inflection  points 
below  0.5.  It  is  not  the  case,  however,  that  the  data  in  general  suggest 
inflection  points  at  high  evaluation  levels.  Inspection  of  the  answers  by 
different respondents show the inflection point to vary substantially. Quite a 
few of the answers do not exhibit an inflection point at all. 
The average unsquared correlation coefficient corresponding to regressions 
(11)  and  (12)  is  0.98.  Obviously  the  monotonous  nature  of an  individual's 
response  to  the  evaluation  questions  more  or  less  guarantees  a  high 
correlation  coefficient.  Still,  a  value  close  to  one  may  be  considered 
encouraging.  For  comparison:  for  the  scatter  depicted  in  fig.  2,  A  gives  a 
correlation coefficient equal to 0.996. 
Returning to table 4a, we see that the s2-values for the log-logistic and the 
logarithm are quite close to those for A. The other functions usually show s 2- 
values  that  are  substantially  higher  than  the  corresponding  s2-values  for 
A. These observations are summarized in table 5. 
It  is  clear  from  table  5  that  only the  logarithm  and  the  log-logistic  are 
viable  alternatives  to  A.  The  logarithm usually has  a  somewhat  smaller  s 2 
than A, whereas the ~  corresponding to the log-logistic is usually somewhat 
higher. This pattern  is only reversed in column (8), where the lo__garithm has 
a  bigger  s/  than  A  and  the  log-logistic  s  -/  is__slightly  below  s2(A)  and  in 
column  (9)  where  the logarithm has  a  bigger  s 2.  Taking as null-hypotheses 
that the s2-values for the logarithm and the log-logistic have a  probability of 
0.5  of  being  bigger  than  s2(A),  a  simple  sign-test  would  reject  both 
hypotheses. This  indicates  that  the  logarithm  provides  the  model  with  the 
lowest disturbance variance. 
This conclusion can  be  made sharper.  The logarithm, the log-logistic and 
A all lead to linear specifications of (13). The s2-values are therefore unbiased 
estimators  of the corresponding  disturbance  variances.  In  view  of the  large 
n__umber of observations  for each  wording we  furthermore assum.e that  each 
s 2 is approximately normally distributed with mean equal to the disturbance 
variance and variance equal to the square of the standard deviation shown in 
table 4, divided by the number of observations. We find that the  s 2  for the 
logarithm  is  significantly smaller  than  sZ(A)  at  at  least  the  5yo-level  (one- 
sided) for wordings 1  and 4. The  s 2 for the log-logistic is significantly (5 Yo- 
level)  larger  than  s2(A)  for  these  wordings.  For  the  other  wordings  the 
differences are not significant. As one would expect the significant differences 
are found only for those wordings for which a  large number of observations 
is  available.  Presumably  the  other  wordings  would  also  show  significant 
differences  if the  number  of observations  would  increase.  To  sum  up:  the 
logarithm gives a  better fit than A, whereas all other functions give a  worse 
fit, independent of the particular wording of the evaluation question. 
This finding can  be interpreted in various ways. If we assume that the set 
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apparently is  the  true form of a  WF. If we allow for the  possibility that  the 
true  function  is  not  included  in  the  set  of flmctions considered,  we  at  least 
have  to  conclude  that  A  is  apparently  not  the  true  WF.  Given  the  fairly 
small  difference  in  s 2  between  the  logarithm  and  A,  the  lognormal  may 
however still  be close to the true WF. 
These  interpretations  take  model  (13)  for  granted,  in  particular  that  the 
U(zj)  are  equal  quantiles  and  that  the  disturbances  of the  true  model  are 
uncorrelated. With respect to the latter assumption we have carried out some 
simulations: It turns out that  if A  is the  true functional form underlying (13) 
one should,  also  with  correlated  disturbances,  find  s2(A)  to  be  smaller  than 
the  s 2  for  other  flmctional  forms,  like  the  logarithm.  The  assumption  of 
correlated  disturbances,  therefore,  cannot  save  A.  The  assumption  of  the 
U(zj)  being  equal  quantiles  cannot  be  tested  on  the  data  at  hand.  Here 
conclusive  testing  seems  only  possible  by  devising  different  measurement 
methods for WFs.  '~ Recently a  new research project has started at  the Centre 
for  Research  in  Public  Economics  which  aims  at  the  development  and 
comparison of different measurement  methods.  As long as  the  results  of this 
project are not available, the equal quantile assumption cannot betested. 
Thus,  we  are  left  with  a  choice between  either  rejecting  A  and  accepting 
the  logarithm  or  questioning  the  assumptions  underlying  the  measurement 
procedure.  5  In  our  opinion  there  are  a  number  of reasons  to  maintain  A 
until  further  research  into  the  measurement  procedure has  been  carried  out. 
First,  the  lognormai  form  stems  from  a  well-developed  theory  [Van  Praag 
(1968)]  whereas  the theoretical basis for the logarithm is  unclear.  Remember 
for instance that  the measurement  procedure rests  upon the finite bliss,  finite 
agony assumption. The logarithm can then only reasonably be interpreted  as 
a  local  approximation  to  some  unknown  true  function.  To  give  up  a 
tractable  function  for  an  approximation  to  an  unknown  alternative  is  not 
very attractive. 
Second, the research  into the determinants  of it  and tr has been  successful. 
Significant  portions  of variance  in  it  and  tr  can  be  explained  by factors  like 
income, family size,  variation in income, etc. [e.g., Van Herwaarden, Kapteyn 
and  Van  Praag  (1977)].  The  functional  specifications  of  the  models  that 
explain  IL and  tr follow in  a  natural  way from Van Praag's theory and  a  few 
simple  additional  postulates  [cf.  Kapteyn  (1977)].  These  functional 
specifications  have  passed  various  tests.  Moreover  the  same  models  have 
4Schokkaert (1978) has tested the equal quantiles assumption on the Belgian (1969) sample by 
making a  number of additional assumptions. The conclusions of his  test appear to  be  very 
sensitive to the additional assumptions made. 
5Of course a  researcher is  never forced by outcomes of a  statistical test to  fully accept a 
particular conclusion.  Cf. Theil (1971, p. 545) who observes:  'The analyst may be convinced  on a 
priori grounds that one specification is more realistic than another, in which case he should feel 
justified  in  applying the  former even  if  the  latter has  a  slightly smaller residual variance 
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been used  in social policy applications with elegant results [e.g., Goedhart et 
al.  (1977), Kapteyn and Van  Praag  (1976, 1980), Van  Praag, Goedhart and 
Kapteyn (1980)-I. It would seem unwise to give up these advantages without 
having an attractive alternative. 
Third,  preliminary  experiments  with  PWFs  to  use  them  in  predicting 
buying behaviour have turned out to be promising [Kapteyn, Wansbeek and 
Buyze  (1979)-1. Also  here  the  lognormal  form  of  the  PWF  appears  to 
generate hypotheses in a natural way. It is "hard to see how one would arrive 
at  these hypotheses without specific  knowledge of the  shape  of the  welfare 
function. 
7.  Conclusions 
Ill  this  paper  we  compared  the  lognormal  WF  A  to  12  alternative 
functions. It appears that A outperforms 11  of these by the residual  variance 
criterion.  Only the  logarithm  performs slightly,  though significantly,  better. 
Naturally, this outcome rests  upon the procedure used to measure the WFs. 
The measurement procedure cannot be justified for unbounded functions like 
the  logarithm.  Hence  the  logarithm  is  to  be  interpreted  as  a  local 
approximation  to  an  unknown  WF.  Given  the  theoretical  basis  for  the 
lognorma! form, as compared to the logarithm, and its success in numerous 
applications, we believe  that for the moment it is justified to maintain A as 
the true shape of the WF. 
However,  our results  also  indicate the  need  for  further research  into  the 
measurement procedure. 
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